Abstract. This paper is concerned with periodic traveling wave solutions of a generalized Boussinesq equation in the form utl -auxxxx + (f0(u))xx. The basic approach to this problem is to establish an equivalence relation between a corresponding periodic boundary value problem for the traveling wave solution and a Hammerstein type integral equation. This integral representation generates a compact operator in the space of continuous periodic functions of the given period. It is shown by restricting the integral operator on a suitable domain that the Boussinesq equation has the trivial solution as well as a nonconstant periodic traveling wave solution. Special attention is given to the traditional Boussinesq equation where /0(w) = au2. Both of the so called "good" and "bad" Boussinesq equation are treated and the existence of nonconstant traveling wave solution is discussed.
1. Introduction. The motion of long waves in shallow water under gravity and in one-dimensional lattices can be described by the Boussinesq equation which is given in the form (cf. [1] [2] [3] [4] [5] [6] [7] 2) . Throughout the discussion of this paper the period 2 T is taken as fixed.
In order to study the boundary-value problem (1.1)-(1.3) we first construct a suitable kernel K(£, 7j) and reduce the problem into a Hammerstein type integral equation in the form
Jo where f(v) = |a|~'/0(t;). In fact, the kernel K is given in terms of explicit trigonometric functions. This elementary property is very useful in justifying that the integral equation (1.4) is a true representation of the boundary-value problem (1.1)-(1.3). Based on the equivalence relation of these two problems we then establish the existence of nontrivial periodic traveling wave solution of the Boussinesq equation via the integral equation (1.4) . Special attention will be given to both good and bad Boussinesq equation when f0(u) = au2.
2. An integral representation. In this section we establish an equivalence relation between an integral equation and the boundary-value problem (1.1)-(1.3). The integral representation is based on the explicit construction of a kernel /C(£, tj) which is a modified version of a suitable Green's function. This kernel depends on the sign of a so that the Proof. Define
Then the integral equation (1.4) is equivalent to
when a > 0, and it becomes 
•'O where C = (2Asinh AT)-1. It follows from (2.7) and since / is twice differentiable that v(g) is four times differentiable and
This shows that u is a solution of (1.1). To verify the boundary condition (1.2) we first use the relations (2.4)-(2.6) to obtain
In view of (2.7) we also have o"(0) = v"(2T). It follows by differentiating (2.7) and using the above relations that t/"(0) = v'"(2T) and v""(0) = v""(2T). To show the relation (1.3) we observe from the Dirichlet integral formula that Then for any fi0, r with /?02 > MrK/r, i = 1,2, the nonhomogeneous Boussinesq equation (2.5) has a 2r-periodic traveling wave solution u(x -P0t) and | u{x -fi0t) |*£ r.
Proof. Since X2 =| a |~'/302 and M =\a\~xMr when f(v) is given by (3.11), the condition A2 5s MKt/r in Theorem 2 is equivalent to /J02 3= MrKi/r. In view of Theorem 2 the integral equation (1.4) has a solution v* E Br. But by Theorem 1, v* is also a solution of (1.1)-(1.3) it can be extended to a smooth periodic function u(£) in the space C27-(R).
Clearly u(x -fi0t) = t;(£) is a traveling wave solution of (3.10).
Theorem 2 and its corollary ensure that both the homogeneous and the nonhomogeneous Boussinesq equation have at least one periodic traveling wave solution for some suitable values of p and fi0. In the case of the homogeneous equation, however, this solution may be the trivial function v* = 0. In order to obtain nontrivial solution we apply Theorem 2 by constructing a suitable subset S so that A maps S into itself. To this end we restrict our attention to the usual Boussinesq equation (1.1) where f0(u) -au2 and a > 0. Both the good and the bad Boussinesq equation will be considered.
By identifying the operators A,, A2 in (3.7) for the two case a > 0 and a < 0 we choose the corresponding subset in the form S, = {vE C2r(R) n C'(R); \\v\\2 < r" \\v'\\2 < r*, " (0) where M, is a constant independent of v E 5,. Hence ||u|| < M, for all v E S, as well as for v E S,. In view of Theorem 2 it suffices to show that AS, C S,.
Let v E S, and let Atv be given by (3.7) with f(v) = (a/|a|)t;2. Then by the estimate We see that ||(/l,t>)'|| < a(2|a|a,)"'(27,)1/2r,2 = r*. This shows that Atv E S, for every v E Sr Finally, for v E S, there is a sequence {v"} in 5, such that v" -» v in C2r(R). In view of (3.5)-(3.7), A,vn -> Atv and (A,vn)' -» (Av)' in C2T(R) as n -» oo. It follows from the uniform convergence of these sequences that ||/4,u||2 r,, (/l,u)(0) > 8jt Av E C'(R) and ||(y4u)'||2 r*. This proves that AtS, C Sr By Theorem 2 and the Schauder's fixed point theorem, A, has a fixed point v E S,. The extension v(£) of u(£) for £ E R leads to a periodic traveling wave solution tJ(£) = u(x -(it). This completes the proof of the theorem.
The result of Theorem 3 illustrates that when f0(u) = au2, no matter how small the constant a may be, both the good and the bad Boussinesq equation has a periodic traveling wave solution of period IT for any fixed period IT (except with the restriction that T ¥= tin/A when a < 0). However, this is no longer the case when a -0. In the case of a < 0, for example, the general solution to (1.1) corresponding f0(u) = 0 is given by t>(£) = Bx cos X£ + 52 sin X| + #3| + B4
where Bt, i-1,... ,4, are arbitrary constants. It is easily seen that u(£) is periodic solution of (1.1)-(1.3) only if XT = nm and B3 = B4 = 0. This is in sharp contrast to the case a =/= 0.
